We study a second order scheme for spatial fractional differential equations with variable coefficients. Previous results mainly concentrate on equations with diffusion coefficients that are proportional to each other. In this paper, by further study on the generating function of the discretization matrix, second order convergence of the scheme is proved for diffusion coefficients satisfying a certain condition but are not necessary to be proportional. The theoretical results are justified by numerical tests.
Introduction
In recent studies, people find that problems from different areas such as chemistry, physics, engineering and medical science can be modeled by fractional derivatives. The study of fractional differential equations (FDEs) give rise to an active research direction both theoretically and numerically. However, due to the nonlocal property of the fractional differential operators, many classical methods for differential equations cannot be applied directly, it makes this research direction very challenging. In this paper, we concentrate on numerical aspect of solving fractional differential equations. More specifically, we consider high order finite difference scheme for differential equation with spatial fractional derivatives in the following form:
∂u(x, t) ∂t
x R u(x, t) + f (x, t), x ∈ (x L , x R ), t ∈ (0, T ], u(a, t) = u(b, t) = 0, t ∈ [0, T ], u(x) denote the α-order left and right Riemann-Liouville fractional derivatives of u(x), respectively, and they are defined as
with Γ(·) being the gamma function.
Quite a lot of progress have been made for the study of space FDEs in past decades . High order difference approximations are very popular in solving both space FDEs [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and time FDEs [23] [24] [25] [26] [27] [28] . Interested reader can refer to [1] [2] [3] [4] [5] [6] [7] [8] and the references therein for tracing the whole picture that are closely related to this paper. First order approximation of fractional derivatives by Grünwald-Letnikov formula was introduced in [29] . Then, by considering the weighted and shifted Grünwald-Letnikov difference (WSGD) formulas and weighted and shifted Lubich formulas, second and fourth order approximation were developed in [1] and [2] , respectively. The corresponding schemes were shown to be unconditionally stable and convergent. We remark that the above results on high order schemes are restricted to cases that the diffusion coefficients are proportional to each other [2] [3] [4] [5] or, as special case, are constants [1, 3, 12] . One of the usually used ways for the theoretical analysis of this kind of difference scheme is to show that the corresponding differentiation matrices have eigenvalues with negative real parts, see [1] and [2] for examples. To our knowledge, if the whole range of α ∈ (1, 2) is under consideration, convergence of schemes to (1.1) with general variable coefficients can be established only for (spatial) first order discretization due to its differentiation matrix is diagonally dominant, but this property fails for higher order differentiation matrices with general diffusion coefficients, see Remark 2.1 in the next section.
In this paper, we focus on a second order WSGD approximation, which was first introduced in [1] , for space fractional diffusion equations with variable coefficients. Our aim is to establish the theoretical analysis for this type of second order scheme by proving its differential matrix has eigenvalues with nonpositive real parts. We show that if the diffusion coefficients satisfy a certain condition, then the symmetric part of the differentiation matrix A is negative semidefinite which implies that the real parts of all eigenvalues of A are nonpositive [30] . The main idea to achieve this is based on further analysis of the generating function of the differentiation matrix. Consequently, the analysis for the second order scheme can be carried out. We remark that the generating function can be a good tool to analyze some properties of the differential matrix which has Toeplitz structure. This approach has also been adopted in our recent work [31] . Here we remark that, since the discretization coefficients of high order difference operators (at least second order ones, and not only the WSGD operator) do not have the good property possessed by the first order one, the corresponding scheme may not work as expected for general variable coefficients. This fact is reflected in subsection 5.2, where some examples that do not satisfy our proposed condition (3.4) are tested and numerical results indicate that the second order scheme fails to solve these examples with reliable behavior. Therefore it is interesting and necessary to derive some conditions under which the scheme works properly. This paper is organized as follows. Some preliminary concepts about the one-dimensional second order scheme are reviewed in section 2. Section 3 presents our main result, a condition is derived and under which the one-dimensional scheme is shown to be stable and convergent with respect to L 2 norm by using discrete energy method. In section 4, an alternative condition is introduced and the second order ADI scheme for two-dimensional problem is considered. In section 5, some numerical examples are carried out to justify our theoretical analysis. A brief conclusion is followed in the last section.
Preliminaries
Let M , N be positive integers, and let h = (x R − x L )/M , τ = T /N be the space step and time step, respectively. We define spatial and temporal partitions: x i = x L + ih for i = 0, 1, . . . , M ; t n = nτ for n = 0, 1, . . . , N . In [1] , Tian et al. introduced the WSGD formulas and considered a class of second order discretization formula with the following form:
which is under the smooth assumptions u ∈ L 1 (R); and −∞ D α+2 x u, x D α+2 ∞ u and their Fourier transform belong to L 1 (R). The coefficients w (α) k depend on a pair of shifting parameters (p, q). In this paper, we concentrate on
which corresponds to (p, q) = (1, 0) ( [1] ) , where g (α) k are the coefficients of the power series of the function (1 − z) α , and they can be evaluated recursively as
Let u n i be the numerical approximation of u(x i , t n ), and d ), where t n+
Then applying the Crank-Nicolson technique and approximations (2.1) to the time derivative and the space fractional derivatives of (1.1) respectively, we get , we obtain the following equation:
where {w
Then the scheme (2.5) can be expressed in the following matrix form 8) with I being the identity matrix. Before moving to the analysis in the next subsection, we first point out the following remark, which gives one of the motivations of this paper. 
when α = 1.1, one can check that the real part of the eigenvalues of the matrix A are:
Therefore A fails to fulfill the key property (see [1] and [2] for example) for establishing stability of the corresponding schemes. We also note that there are similar examples [5] for another second order discretization developed in [7, 9] . From all these examples, it seems not easy to theoretically consider high order schemes for (1.1) in general when the diffusion coefficients are not propositional to each other.
Theoretical Analysis
First, we introduce the background knowledge of Toeplitz matrix and the generating function.
A matrix that has the following form
is called a n-by-n Toeplitz matrix [32] , where t ij = t i−j , i.e., the entries of T n are constant along each diagonal. If the diagonals of T n are the Fourier coefficients of a function f :
then the function f is called the generating function of T n . Noticing Remark 2.1, we will study some conditions, under which the scheme for (1.1) can be analyzed. The condition depends on a constant related to some geometric property for the generating function [32] of the Toeplitz matrix W α . Namely, we have the following: Theorem 3.1. Let g(α, x) be the generating function of W α defined in (2.6). Then it holds that
where ℜ[g(α, x)] denotes the real part of g(α, x).
Proof. For simplicity of presentation, we use
Let ℑ[g] be the imaginary part of g(α, x), we have
, and then
It implies that
Similarly, when x ∈ [−π, 0], we have
and
This implies that
Consequently,
This completes the proof.
Referring to [32] , we easily have the following lemma.
The coefficients in (2.2) satisfy the following properties for 1 < α ≤ 2,
One of the key steps in our analysis is to bound the field of values of DW D by those of W , where W = −W α − W T α and D is a diagonal matrix. This may not hold in general, in the followings, we established this relation for a special case.
Proof. We have
From Lemma 3.3, we have the following properties:
2) Note that 2d ⋆ W − DW D is a symmetric matrix with positive diagonal entries and nonpositive off-diagonal entries. If the matrix is diagonally dominant, we can then conclude that it is positive definite by Gershgorin circle theorem, and (3.1) follows.
First we consider the top row of 2d 2 ) in the following)
On the other hand, the diagonal entry is
We are now ready to introduce the condition mentioned in the beginning of this section. The following theorem shows that, if d + (x) and d − (x) satisfy this condition, the symmetric part
then the symmetric part H(A α ) of A α is negative semidefinite, where κ = κ max whend(x) is concave, and κ = κ min whend(x) is convex. 
Then using Lemma 3.2 again and applying Cauchy-Schwarz inequality, Theorem 3.1 and (3.7), we get
4).
Remark 3.6. We note (3.4) always holds when the diffusion coefficients are propositional to each other. This is in accordance with the results in [2] .
Next we conclude the stability and convergence of scheme (2.8) by energy method. Once again, in the following two theorems, we only show the statements by assuming the condition is imposed on the ratio
, and remark that similar statements hold if the ratio 
2D
, n = 0, 1, . . . , N − 1.
where
Proof. Multiplying D −1 + on the both sides of (2.8), we get
which is equivalent to
Multiplying the both sides of (3.10) with h u n+1 + u n T , we have
Notice that w T Qw = w T H(Q)w for any real w, Q, and H(−A α ) is positive semidefinite by Theorem 3.5. Therefore, the second term on the left hand side of (3.11) can be estimated as
As a result
Applying Cauchy-Schwarz inequality on the right hand side of (3.12), we get
.
That is
Applying (3.13) iteratively for n + 1 times, we have
When the time step size τ is sufficiently small (τ ≤ 1), we have
Consequently, substituting (3.15), (3.16) into (3.14), we obtain
. Theorem 3.9. Let u(x, t) be the exact solution of (1.1), u n i be the solutions of finite difference scheme (2.8). Denote e n i = u(
If the condition (3.4) holds, then there exists a positive constant c 2 such that
where · denotes the discrete L 2 norm, i.e. v = √ hv T v.
Proof. Denote e n = [e n 1 , e n 2 , . . . , e n M −1 ] T and R M −1 ] T . We can easily see that e n and e n i satisfy the following error equation
By Theorem 3.8, we have
SinceD is a positive diagonal matrix and is bounded away from zero, by Lemma 3.7, we can conclude that e n+1 2 ≤ c 2 (τ 2 + h 2 ) 2 , n = 0, 1, . . . , N − 1. 
Some Extensions
Then we have the following theorem:
Theorem 4.1. If the following condition holds
then the symmetric part H(A) of A in (2.8) is negative definite, where
Similar to the proof of Theorem 3.5, it follows that
and then
Therefore, the theorem can be proved using arguments similar to those for Theorem 3.5.
We next study the two-dimensional problem with variable coefficients:
∂u(x,y,t) ∂t
, and d ± (x), e ± (y) are nonnegative functions.
To state a finite difference scheme for (4.2), let
and τ = T N be the spatial and temporal step sizes respectively, where M 1 , M 2 and N are some given integers. For i = 0, 1, . . . , M 1 , j = 0, 1, . . . , M 2 , and n = 0, 1, . . . , N , denote x i = ih 1 , y j = jh 2 and
, and e +,j = e + (y j ), e −,j = e − (y j ). Let u n i,j be the numerical approximation of u(x i , y j , t n ), and f
), ϕ i,j = ϕ(x i , y j ). Then applying Crank-Nicolson method, the first equation of (4.2) can be discretized as
Note that the size of (4.3) is in general very large and we seek to improve efficiency by empolying ADI method. To this end, we add
which is an O(τ 2 ) term, to the left hand side of (4.3), and we obtain the following ADI approximation for (4.2):
) for a positive constant c 3 . Take
and denote
where I is the identity matrix and the symbol ⊗ denotes the Kronecker product, W β , W α are defined in (2.6), D ± and E ± are diagonal matrices taking the values of d ± (x) and e ± (y) at grid points respectively.
Therefore, omitting the small term τ R
in (4.4), the ADI scheme in matrix form for (4.2) can be given as:
Although one can easily extend arguments in subsection 3 to study the scheme (4.3), straight modification of these arguments do not work for the ADI scheme (4.5) due to the extra term introduced by the method. We need further estimates for our analysis. As in Theorem 3.1, we denote
where g(β, x) is the generating function of matrix W β . Then H(A x ) and H(A y ) are negative definite respectively under the condition (4.1) and 
Numerical Experiments
In this section, we carry out numerical experiments for the proposed scheme (2.8) and (4.5) to illustrate our theoretical statements. All our tests were done in MATLAB R2014a with a desktop computer (Dell optiplex 7020) having the following configuration: Intel(R) Core(TM) i7-4790 CPU 3.60GHz and 16.00G RAM. When computing the two-dimensional examples, we always take h 1 = h 2 = h. The L 2 norm errors between the exact and the numerical solutions
are shown in the following tables. Furthermore, the spatial convergence order, denoted by
for sufficiently small τ , and the temporal convergence order, denoted by
when h is sufficiently small, are reported.
Accuracy Verification
Example 5.1. We consider the one-dimensional case (1.1) for x ∈ [0, 1], T = 1 with variable
, and the forcing term
where Table 2 . One can see that they are in accordance with the theoretical statement. . 
2 ) 2 , and the forcing term f (x, t) is choosing to such that u(x, t) = 2 6 x 3 (1 − x) 3 t 3 is still the exact solution.
We list the numerical results in spatial direction for different choices of α which fulfill the condition (3.4) in Table 3 . The second order convergence rates in space are clearly shown in this table. . 
Γ(k+1−β) e + (y)y k−β + e − (y)(2 − y) k−β for k = 4, 5, 6, 7, 8. Then the exact solution is u(x, y, t) = x 4 (2 − x) 4 y 4 (2 − y) 4 t 3 . Table 4 records the numerical results by applying scheme (4.5) for Example 5.3 in spatial direction with fixed τ = 1 1000 , different choices α and β which satisfy (4.1) and (4.6), respectively, are taken. Here, 'CPU' denotes the CPU times (seconds) in each step. It shows that the ADI scheme (4.5), which computes the solutions within 10 seconds, works efficiently. The numerical results show that the two-dimensional ADI scheme is stable, and the spatial second convergence rates are displayed in the table. 
Examples For Demonstrating Condition (3.4)
In this subsection, we test the behavior of the scheme (2.8) when it is applied to some examples which do not satisfy the condition (3.4).
In the following, we replace the functions d + (x) and d − (x) given in Example 5.1 with those listed below. The corresponding forcing terms f (x, t) are chosen such that u(x, t) = 2 6 x 3 (1−x) 3 t 3 is still the exact solution of these examples. Example 5.7. Table 5 lists the numerical results for these two examples with α = 1.005 and τ being very small. From this table, we can see that the scheme (2.8) does not work as it is expected. Although the errors between the exact solution and numerical solution seem to become small for very small h (comparing with those given in previous subsection), but it fails to be convergent with a certain order especially the second order which it is supposed to be. Examples 5.6 and 5.7 focus on testing the scheme (2.8) for discontinues variable coefficients. For reference, we see that, in Table 6 , the scheme is stable and second order convergent when all d − (x) = d + (x) is concave but does not fulfill the condition (3.4). From Table 6 , we observe numerical results similar to those of Examples 5.4 and 5.5.
Examples 5.4, 5.5 and 5.7 illustrate that the behavior of the second order scheme (2.8) are not predictable when solving problems with nonnegative variable coefficients which are not proportional to each other, especially when α is close to 1 and the variable coefficients have steep slope or strong oscillations. Thus, for second (or higher) order schemes of problem (1.1) imposing conditions on the variable coefficients seems to be necessary.
Concluding Remarks
We study finite difference schemes with a type of second order discretization for spatial fractional differential equations with variable coefficients. The approximation of fractional derivatives bases on the WSGD formula. Previous results (not only for those depending on the WSGD formula) concentrate on the cases when the diffusion coefficients are proportional to each other. In this paper, we introduce a condition under which the scheme can be analyzed theoretically. Stability and convergence of the scheme for one-dimensional problem is established.
